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Introduction

>

New technologies: optical network, MPLS protocol, . ..

v

MPLS-TE: Traffic Engineering, Quality of Service

v

Bounded number of active paths

v

Maximum Flow Problem, Minimal Cost Flow Problem, ...
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Description

Complexity
State of the Art

Complexity

» SAT Reduction of 2-Splittable Flow Problem (Baier, Kohler
and Skutella, 2002)

truechain

I S RIS

falsechain

» Bounded number of paths — NP-complete problems
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Description

Complexity
State of the Art

State of the Art: K-SFP

» Edge Disjoint Path Problem (Survivability): K. Menger
(2927)

» Unsplittable Flow Problem: J.M. Kleinberg (1996),
A. Atamtirk (2000)

» K-Splittable Flow Problem: G. Baier, E. Kdhler et
M. Skutella (2002)
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Definitions
Modelisation First Models

Arc-Node Model
Arc-Path Model

Definitions

» Directed graph G = (V,E)
> arc capacity Ue
» arc cost Ce

» commodity k € K: (s, tk, dx)

» maximum number of paths: Hy
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Definitions
Modelisation First Models

Arc-Node Model
Arc-Path Model

Model for the Unsplittable Flow Problem

» Path support variables
» Flow = demand

» Flow constraints sufficient

= Integer linear program
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Definitions
Modelisation First Models

Arc-Node Model
Arc-Path Model

Basic Arc-Node Model

» Flow variables xX > 0

» Flow support variables yX € {0, 1}

= How can we add a “Hg-splittable” constraint ?

=- Consider separately Hy paths
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Definitions
Modelisation First Models

Arc-Node Model
Arc-Path Model

Arc-Node Model: variables
» Backward arc ey = (tx, sk ), with cg, = 0 and ug, = oo
» E' =EU{exk eK}
» vk e K, VYhe{l,...,H¢}:

» flow variables: x0k >0 Ve € E/
» flow support variables: yf* € {0,1} Ve ¢ E’

Hy
> Objective function: max » ~ > xb¥
keK h=1
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Definitions
Modelisation First Models

Arc-Node Model
Arc-Path Model

Arc-Node Model: flow constraints

» Flow conservation constraint:

AxX"=0 vk eK, Vhe{l, . H}

» Capacity constraint:

» Coupling constraint:

xK <ueylk vVeeE vkeK, Vhe{l,. .. Hg}
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Definitions
Modelisation First Models

Arc-Node Model
Arc-Path Model

Arc-Node Model: flow support constraints

» Flow conservation constraint:

Ay =0 vkeK, Vhe{l,. .. H

» Integrality constraint:

yike{0,1} VecE, VkeK, Vhe{l, ... HJ}
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Definitions
Modelisation First Models

Arc-Node Model
Arc-Path Model

Arc-Node Model: drawback
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Definitions
Modelisation First Models

Arc-Node Model

Arc-Path Model
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Definitions
Modelisation First Models

Arc-Node Model

Arc-Path Model
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Definitions
Modelisation First Models

Arc-Node Model
Arc-Path Model

Arc-Node Model: enforcing constraints
» Degree constraint:

d oy <1  weV, vkeK, Vhe{l,.. Hg}

ecwt(v)

» do not forbid subcycles
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Definitions
Modelisation First Models

Arc-Node Model
Arc-Path Model

Arc-Node Model:

N
max kagf

keK h=1
S.C.
Ax"™ =0 vk €K, vhe{1,...,H} (L.a)
Ay =0 vk €K, Vvhe{l, ..., H} (1.b)
Hy
DD xe<ue VecE (1.c)
keK h=1

XK —ueydk <0 veecE, VkeK, Vhe{l,...,Hq} (1.d)
>y <1 WweV, vkeK, Vhe{l,.. H} (Le)

ecwt(v)
x& >0 Ve cE, VkeK, vhe{l,... H} (1.f)
yok € {0,1} VecE, VkeK, Vhe{l,... Hd (1.9)
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Definitions
Modelisation First Models

Arc-Node Model

Arc-Path Model

Arc-Path Model: variable

» P, = set of loopless paths from sy to ty
» vk e K, Vhe{l,...,Hc}:

» flow variables: x{,‘k >0 Vp € Py
» flow support variables: y* € {0,1} Vp € Py

k€K h=1pePy
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Definitions
Modelisation First Models
Arc-Node Model

Arc-Path Model

Arc-Path Model: constraints

» Capacity constraint:

Hy
% Sk <ue  vecE
keK h=1pepk
» Coupling constraint:
xpk <upyp Wk eK, Vvhe{l,... Hg}, VpePy

path capacity up = minue

» Path assignment constraint:

dygc<1l  vkeK, vhe{l,... H}
pePyk
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Definitions
Modelisation First Models

> Model
Arc-Path Model

> Bxfk<ue VeeE (2.a)
hk,p
Xpk —upypk <0 vk eK Vvhe{l,...,HJ} VpePc (2b)
doypk<t vk €K Vhe{l,...,H} (2.c)
pePy

xpk >0 vk eK Vhe{l,...,H} VpePy (2d)
ypk € {0,1} vk e K Vhe{l,...,H} VpePx (2e)
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General Framework
Branching Rule

Branch & Price Column Generation
Improvements

State of the art: Branch & Price

» Branch & Bound: A. Land et A. Doig (1960)

» Branch & Price: C. Barnhart, E.L. Johnson, G.L.
Nemhauser, M.W.P. Savelsbergh, P.H. Vance (1998)

» Branch & Price for the UFP:

» C. Barnhart, C.A. Hane, P.H. Vance (2000)
» F. Alvelos et J.M. Valério de Carvalho (2003)
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General Framework

Branching Rule
Branch & Price Column Generation

|IWW[]VO\/EHWEHIS

Add
Column

Branching
¢ A

Fractional yes
variable ?

Integer solution
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General Framework
Branching Rule

Branch & Price Column Generation
|IWW[]VO\/EHWEHIS

Ryan & Foster branching rule (1981)

» Branching on variables of the arc-node model:

(y&¥=0) vs. (y*=1)
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General Framework
Branching Rule

Branch & Price Column Generation
|IWW[]VO\/EHWEHIS

Ryan & Foster branching rule (1981)
» Branching on variables of the arc-node model:

(y&¥=0) vs. (y*=1)

» Ryan & Foster branching rule:

> Constraint » y; =1
jel
» Partition J = J; U J>

» Branching rule

Oyi=0 vs. O y=1)

j€dr j€d
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Branch & Price Column Generation
|IWW[]VO\/EHWEHIS

Ryan & Foster branching rule (1981)

» Branching on variables of the arc-node model:
(v =0) vs. (y*=1)
» Ryan & Foster branching rule:

> Constraint » y; =1
jed
» Partition J =J; U J>

» Branching rule

O yi=0vs. (> y=0)

j€J1 J [SN)
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General Framework
Branching Rule

Branch & Price Column Generation
|IWW[]VO\/EHWEHIS

Barnhart, Hane & Vance branching rule

» First divergence node:
@ ()
N

> Constraint Y yM* <1
ecw(d)

» Partition w™(d) = wt(d,a) Uw™(d,b)

> Branchingrule ( Y y*=0) vs. ( Y  y=0)

ecwt(d,a) ecwt(d,b)
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General Framework

Branching Rule
Branch & Price Column Generation

|IWW|]VO\/EHWEHIS

keK h=1 pePy
S.C.
> oBxgk < ue Ve (3.a)
hk,p hk ng
xpk —upypk <0 vk vhvp (3.b) Yo T U
doyk<t vk Vh (3.c)
pePk
xpk >0 vk Yhvp (3.d)
ypk €[0,1] vk Yhvp (3.e)
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General Framework
Branching Rule

Branch & Price Column Generation
Impro\/emems

Reduced costs computation

y
max Zk: > oxpK

keK h=1 pePy

S.C.
D> Rxg<ue Ve — e >0
h,k,p
th
dSo<1 vk Vh — A >0
Up
p
k>0 vk Vh Vp

= Reduced costs:

chk —1 - Z(SWe )\hk

ecE
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General Framework
Branching Rule

Branch & Price Column Generation
Improvements

Minimal Cost k-Splittable Flow Problem

» Demand Constraint and associated dual variable:

k
DY xp=d  vkeK — Vfree
h=1 pePy

Hi
> Objective function: min >~ >~ " cpxf*

keK h=1pePy

with path cost ¢, = » ce
ecp

> Reduced costs:

_Cp Zéﬂe———v Zép —u—p—z/

ecE ecE
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Branch & Price Column Generation

|Iﬂp!0\/E‘IﬂEHIS

Subproblem: shortest path / maximum capacity path

» Step 1: shortest path with maximum capacity ¢ (modified
Dijkstra)

» Step 2: for increasing capacity ¢! > ¢
» shortest path with at least capacity c'

» Step 3: select the best one
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General Framework
Branching Rule

Branch & Price Column Generation
Improvements

Pool

n0

nl n2

nl-1 n2-2

nl-2-1| [nl22F == =M= = = - - —— ——mmm——mm— - -

VELEY



General Framework
Branching Rule

Branch & Price Column Generation
Improvements

Variable Ordering

» "Break" model symmetry
» Bring an order relation over the set of paths

» Constraint :

Sox- > x" <0 vkeK vhe{2,... Hd
pePy pePk
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General Framework
Branching Rule

Branch & Price Column Generation
Improvements

Variable Ordering: drawback

» Without variable ordering

4 4
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General Framework
Branching Rule

Branch & Price Column Generation
Improvements

Variable Ordering: drawback

» With variable ordering

» Variable ordering may give split solutions
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Instances
mles CPU Time
. Computationnal Results

Computationnal Results

» |nstances :

» ac generator : acyclic network, single commodity (G.
Waissi)

» tg generator : transid grid, single commodity (G. Waissi
and J. Setubal)

» Processor pentium 2.6GHz, linux 2.6, 2Go RAM

» Compiler gcc 3.3, ILOG CPLEX 8.0
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Instances

Computationnal Results

CPU Time Comparison

Graph H z* CPU Time (s)
C BP BP-P BP-VP
ac100 1 9827.00 7.85 0.06 0.08 0.08
100-4950 2 19403.00 || 570.09 0.08 0.09 0.09
3 28809.00 - 0.10 0.10 0.09
4 38189.00 - 0.10 0.14 0.13
5 47558.00 - 0.12 0.17 0.19
6 56791.00 - | 735.07 111.52 1.79
7 65838.00 - - | 2426.31 8.81
8 74762.00 - - - 36.67
9 83501.00 - - - 151.00
10 92170.00 - - - | 1270.90

oo || 480094.00
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Instances

Computationnal Results

CPU Time Comparison

Graph H z" CPU Time (s)
C | BP BP-P BP-VP
acl25 1 9650.00 188.04 - 0.13 0.13
125-7750 | 2 19298.00 || 1318.50 - 0.15 0.15
3 28864.00 - - 0.17 0.17
4 38374.00 - - 0.21 0.22
5 47725.00 - - 0.28 0.33
6 57007.00 - - | 162.15 5.98
7 66241.00 - - - 15.86
8 75320.00 - - - 55.40
9 84396.00 - - - 161.56
10 93286.00 - - - 795.04
11 || 102175.00 - - - | 1758.78

oo || 584842.00
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Instances

Computationnal Results

CPU Time Comparison

Graph | H z* CPU Time (s)
C BP BP-P | BP-VP
tg25 1| 236.00 || 2.15 0.00 0.00 0.00
27-100 | 2 || 459.00 - 0.00 0.01 0.00
3 || 673.00 - 0.03 0.01 0.01
4 || 875.00 - 0.06 0.01 0.10
5 || 961.00 - | 1397.79 | 191.90 30.08
6 || 972.00 - - - | 1940.99
7 || 980.00 - - - 3.14

oo || 980.00
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Instances

Computationnal Results

CPU Time Comparison

Graph H z* CPU Time (s)
C BP BP-P | BP-VP
tg100 1 550.00 || 1706.20 0.01 0.01 0.01
102-400 | 2 || 1012.00 - 0.20 0.03 0.04
3 || 1396.00 - | 538.71 | 578.44 | 68.18
oo || 2759.00
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Computationnal Results

Concluding Remarks

» Generalization of the Unsplittable Flow Problem
» Branch & Price scheme, variable ordering, pool

» Improve the variable ordering technique

» Other problems:
» Maximal Concurrent Flow
» Minimal Set of Paths for a Flow
» Minimal Set of LSP in MPLS routing with QoS constraint
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